Holder continuity of random processes 
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Abstract 

For a Young function ip and a Borel probability measure m on a compact metric 
space (T, d) the minorizing metric is defined by 



r, 



d(s,t) Y rd(s,t) 
s,t) := max{ / y?" ( — — — rr)d£, I ip" ( — — — ^^de). 



In the paper we extend the result of Kwapien and Rosinski [2] relaxing the condi- 
tions on 99 under which there exists a constant K such that 

E sup v^( ' ^ ^ , ;;' ) ^ 1, 

for each separable process X{t), t which satisfies supg^^g-p E(/7(J ^-^^jj^ ) ^ 1. 
In the case of ^p{x) = x^, p ^ 1 we obtain the somewhat weaker results. 
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1 Introduction 

Let X be a topological space and B{X) its Borel cr-field. We denote by ?B(X), 
C{X),Cb{X) the set of all measurable, bounded measurable, continuous and bounded 
continuous functions respectively. Furthermore V{X) denotes the family of all Borel, 
probability measures on X. For each G V^X), f G ^h{X) and A G B{X) we define 



i 



f{u)fx{du) := I f{u)fi{du) 



A 



where, we have used the convention 0/0 = (as we do throughout the whole paper). By 
supp(/i) we denote the support of /i. 
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In the paper we consider finite Young functions; that is increasing convex functions 
(/? : [0, oo) — > [0, oo) satisfying ip{0) = 0, hma;^oo '^{x) = oo. For a simphcity we will be 
assuming also that = 1. As in Def. 5, page 40), we let denote the set of all 
finite Young functions satisfying for some c ^ 0, r > 1 

^ f{rx), for some for x ^ c. (^^) 

and let V (see [3] , Def 7, page 28) denote the set of all finite Young functions ip verifying 
for some c ^ 0, r > 1 

(p{x)(p{y) ^ Lp{rxy), forx,y^c. (V') 



Note that if ( |A^[ ), resp. ( IVl holds for some c > 0, then ( |A^[ ), resp. ( IV^ . holds for 
every c' > with appropriate choice of r'. If /i G 23 (X) we let 

:= inf{a > : / ^(\!M)^^ds) ^ 1}, := inf a(l + / 

^ Jx ^ a>0 a 

denote the two Orlicz norms of h. Then | ■ |^ and || ■ ||^ are semi- norms on ^(X), 
satisfying |/;.|^ = = = 0, /i-a.e. Note that \h\>^ < oo ^ /x'^(^) < 

for some 0<a<oo<S=^ ||/;,||^<oo and recall that the Orlicz space L'^ifi) is the set of 
all measurable functions satisfying one of the three equivalent conditions (see [3]). Then 
(L'^lfi), I ■ 1^) is a complete semi-normed space. As we prove in Lemma [1] semi-norms 
I ■ 1^ and II ■ 11^ are comparable. 

Let (T, d) be a fixed compact, metric space and m a fixed probability measure (defined on 
Borel subsets) on T. For x E T and e ^ 0, B{x, e), B°{x, e) denote respectively the closed 
and the open ball with the center at x and the radius e i.e. B{x, e) = {y eT : d{x, y) ^ 
£}, B°{x,e) = {y E T : d{x,y) < e}. The diameter of T, i.e. sup{(i(s, t) : s,t E T} is 
denoted by D{T). We define the minorizing metric 

r.,,(.,t) := max{^ ' ' ' ^^"(^(5!,, ,)) )^^' / ' ' ' ^"^(5^))^^^^ ^'^ ^ 

Kwapien and Rosinski [2] introduced these metrics to prove results on Holder continuity 
of random processes with bounded increments. However their method requires that 
verifies (A^) which means the exponential growth of (p. The goal of this paper is to 
obtain similar results, yet under relaxed conditions imposed on ip. 

Theorem 1 Let ip and ip be Young functions (verifying p>{l) = ipil) = ^) and for some 
R> 1, uo ^ I, no eN 



<p{R''+^) ip{R^) 



^^piR^ 



A:=0 
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Let ip+i^) = {'^{^) ~ 1)+ f'^i" X > 0. Then there exists a Borel probability measure 
u on T X T and a constant < K < oo only depending on {ip, ip) such that for every 
continuous function / : T ^ M there holds 



1/(3) - f{t)\ ^ K\fX^T^,^{s,t), fors,t e T, where f''{u,v) = '^^"^^ (3) 



and if ip & V', then we have 

s,teT KrTm,^{s,t) JrxT d{u,v) 
where r is chosen such that condition ( fV^j) /ioWs with c = 1. 

Theorem [T] has an apphcation to the stochastic analysis. We say that process X{t),t E T 
has <y9-bounded increments if it verifies 

AX(s)-X(t)\, 



Corollary 1 Suppose {fjip) verify conditions (Qp and ([Ij. For each separable stochastic 
process X{t), t E T which has ip -bounded increments there holds 



and if Ip E'W' then also 



\X{s)-X{t)\ 
E sup — — ^ ^ 1 



E sup ip{,h^ — ^ 1 



where K is the same constant as in TheoremUi 

Proof. Following arguments from the proof of Theorem 2.3 in Talagrand [5] it is enough 
to prove the result assuming that X{t), t eT has a.s. continuous samples. Theorem [T], 
namely ^ the Fubini theorem and the definition of | ■ give 

\X{s)-X{t)\ ^ f , AX(u)-X(v)\, 
E sup ' ^ \ ^ 1 + E / ^+C-^, ^Hdu, dv) ^ 2. 

It proves the first thesis. If G V, then we can apply (jl]) instead of obtaining 

, ,|X(s) -X(t)|. ^ ^ , .\X{s)-X{t)\. 
E sup iP C ^ , ;/' ) ^ 1 + E sup ^ . ^ 

^1 + e/ M^-^^^^Hdu,dv)^2. 
Jtxt d[u,v) 

By the convexity of we derive the second claim. 
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Remark 1 Note that if Yl^=o J(Rk+-r) < /^'^ some i? > 1, ^ 1 then we can take 
ip = if in TheoremUi Thus all processes which verify ^ (for ip) are Holder continuous 
with respect to Tm,ip{s,t). If (f{x) = we can take ip{x) = x^"*"^, where e > and 
consequently obtain a generalization of basic Kolmogorov result 

We then prove the converse statement that minorizing metrics are optimal when consid- 
ering Holder continuity of processes with bounded increments. 

Theorem 2 Assume {ip, tp) verify for some R, 1 



fc=0 



Suppose p is a metric on T such that for each separable process X{t), t E T which has 
ip-bounded increments (verifies condition ^ forip), we have 

\X{s)-X{t)\ 
P sup ' ^ > <oo =1, 

s,t(iT p{s,t) 

then there exist a constant K and a Borel probability measure m (which depends on 
[py'ip) only) such that Tm^p{s,t) ^ Kp{s,t). 

Remark 2 // YlT=o ^{i^+^o ) ^ ^ then we can take ip = p in Theorem [B That means 
there exists m G V{T) such Tfn,ip{s,t) ^ Kp{s,t) for each p with respect to which all 
process with p-bounded increments are Holder continuous. 

We also prove some generalization of Talagrand's Theorem 4.2 |5j and the author's 
Theorem 1 in yy. 

Theorem 3 Assume that p verifies (QP for some R > 1. There exist constants C,K 
(depending on p only) and a Borel probability measure u on T x T such that for each 
continuous function f on T the inequality holds 

\f{s)-f{t)\ . f , \f{u)-f{v)\ , , , , . 

s,t^T Cr,^^Js,t)p^\j^^) Jt.t diu,v) 



where M{m, p) := /^^^^^ p ^^M em{dt) < 



iB(t,e)) . 



OO. 



Corollary 2 For each separable process X(t), t E T which satisfies ^ (for p) there 

holds , , ^ 

\X(s)-X(t)\ 

E sup p( ' \: — ^ ^ 1. 

s,t&^'Cr^As,t)p-^\T^i:^y 
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Proof. As in the proof of Corollary [T] it is enough to show the result for X{t), t ^ T 
with a.s. continuous samples. Note that ip{x) ^ 1 + ip+{x), thus due to Theorem [3] the 
Fubini theorem we obtain 

\X(s)-X(t)\ , f ^ AX(u)-X(v)\, 

Now by the convexity we establish the result. 

■ 

In the paper we follow methods from For a completeness we repeat from there some 
of the arguments. 



2 Notation and Preliminaries 

Young functions 

Lemma 1 There holds ^ ^ 2|/i|^ for every h e ^(X). 

Proof. First note either Lp(^-^)dfi ^ 1 or J.^ Lp(^-^)dn > 1 and in this case using that 
a ct'^i^) is decreasing we derive 



^( ^ 

Consequently \h\^ ^ a + a for all a > 0. That means \h\^ ^ II^IIJJ- The last 

inequality follows by taking a = in the definition of WhW^. 



Lemma 2 Let ip he a Young function satisfying condition ( TVl) with c = and r > 0. 
Then we have V5(^|/?-|(^) ^ Jgip{\h\)dfi for every h G 

Proof. If J^ip{\h\)dfi is either or oo, then the inequality holds trivially. Suppose that 
< J-^ ip{\h\)dfi < oo and let us take C > so that f{C) = ip{\h\)dfi. By 
property we have ip{C)ip{:^) ^ for all x ^ and consequently 

Hence, we see that ^ rC which proves the lemma. 
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Observe that for each Young function there holds 



- ^ 44^ for ^ 1. (7) 

y v{y) y 



Lemma 3 satisfies (Qp then (y? G V with r = and c = 1. 
Proof. By ([T]) we have 

forfc>l 

Let i,j ^ be such that R' ^ x < R'+^ and R^ ^ y < R^^\ Clearly 



ip{R^+^W+^) ip{Ri+^W+^)"' ip{Ri+'^) ^ ip{Ri+^y" ip{R^) ip{W+^) 
and hence </?(x)^(?/) ^ ^ ^ '^{R^xy). 

■ 

The main construction 

Fix any R> 2. For k ^ and x G T we define ro(x) = -D(T) and 
Let us notice that ^ -D(T), for k ^ 0. 

Lemma 4 The functions verify the Lipschitz condition with constant 1. 

Proof. Clearly ro is a constant function so it is 1-Lipschitz. For A; > and s,t G T it is 

^ ^{R''), and — — -\ — -- ^ 



m{B{s,rk{t) + d{s,t))^^ " m{B{t,rk{s) + d{s,t)) 

Hence rk{s) ^ Tfc(t) + d{s,t), rk{t) ^ rfc(s) + d{s,t), thus is 1-Lipschitz. 

■ 

Lemma m gives that G C{T). 

Remark 3 Note that ifr{x) := limk^oof^k{x) , we have r{x) = infje: ^ : m{B{x,e)) > 
0} = ess inf (i(a;, ■) where the essential infimum is taken with respect to the probability 
measure m. In particular r{x) = if and only if x E supp(m). 



6 



For each positive integer c we have 
R-1 



k'^c k^c k^c 



A;— ►oo Jo 



Thus 



Let us abbreviate B{x,rk{x)) by Bk{x) and r/c(x)) by Bl{x) for A; > 0. For A; = 

we put -Bo(^) ~ -^0(3;) = T. Due to ([H]) it is clear that 

^ ^ ^ .J. .. , for A; ^ 0. (10) 



For each A; ^ we define the hnear operator 5"^ : ^{,(T) — > ^^(T) by the formula 
-^fe/la;) := / f{u)m{du) = J / f{u)m{du). 

If f,g E ^h(T), k ^ 0, then we easily check that: 

(i) Ski = 1; 

(ii) if / ^ 5' then Skf ^ Skg and hence 15^/1 ^ 5*^1/1; 

(iii) if / G C{T) and linifc^oo ^^^(2;) = 0, then linifc^oo Skf{x) = f{x). 

Fix / ^ 0. There exists unique ^, G V{T) such that for each / G ^b(T) we have 

SiSi.i...Skf{x) = f{u)mi^,{du), for ^ A; ^ /. (11) 

Let us define 

ri:=5^2^-V,, Bi{x):=Bix,ri{x)), for A; ^ /. 

Lemma 5 For eac/i m G BI_^_-^{x) ^ k < I we have Bk{u) C B^x) and 

rk{u) ^ rfe(x) + r^i(x) ^ r^(x). 



Proof. Fix u G Bl,_^-^{x). Since are 1-Lipschitz, we get 

rk{u) ^ rk{x) +d{x,u) ^ rfc(x) + rl^i{x) ^ r^(x). 
Clearly rfc(-u) ^ 'rfc(x) +r[+^(x). Furthermore d{x,u) ^ thus 

B{u, rk{u)) C rfc(x) + r^^iix)) C rfc(x) + 2r[_^_^{x)) = B{x, r^(x)) 
and by the definition Bk{u) = B{u,rk{u)), B\.{x) = B{x,rl{x)). 



Lemma 6 For all ^ k ^ I we have m\.^^{Bi.{x)) = 1 i.e. supp(m!p;.) C B\.{x). 

Proof. We prove Lemma by the reverse induction on k. Clearly supp(m^^) = 
B{x,ri{x)) = B\{x). Suppose that for some k < I we have supp(m^ ^_^]^) C Bl._^_-^^{x) 
then the definition gives 

/ fiu)ml,idu)= [ -f fiv)midv)ml,^,idu), for / G ^,(T). 
Due to Lemma [5] we have Bk{u) C Bl{x), for u G Bl_^_^{x). It ends the proof. 



Corollary 3 For each f G 23;, (T), and k ^ / the inequality holds 

SiSi.,...Sk\f\{x)= [ \f{u)\mi^,{du)^v{R') [ \f{u)\m{du). 

Proof, li k = I the inequality is obvious. If A; < /, using Lemma El and (ITOj) we obtain 

SiSi^^...S,\f\{x) = [ 4 \f{v)\m{dv)m'^^,^,{du)^ 
Jt JBk{u) 

^^{R') [ f \f{v)\m{dv)mi^,^,{du) = v{R'') [ \f{v)\m{dv). 
Jt Jb{{x) JbI{x) 



Let us notice that for a positive integer c with ^ c < / we have 

fc=c k=c i=k j=0 i=c i=c 

Together with ([9]) it gives 



3 Proof of Theorem 1 



Proof. We may assume that ([H) and (E]) hold with _R > 5 (note that if and ([2]) hold 
for some R then they hold also for i?', where / G N). Fix s,t G T, without losing the 
generality we may assume also Tm^^{s,t) < oo, which implies that limk^oo^kix) = 0, for 
X = s,t. If d{s,t) < D{T) then there exist positive integers a, 6 such that 

ra{s) ^ d{s,t) < ra_i(s), rfe(t) ^ d{s,t) < n-iit), 

and we can define c := max{a, 6}. If d{s,t) = D{T) = tq, we put c := 0. For a fixed 
/ > c let us denote 

:= max{A; ^ 1 : U Bl{t) C Bl_^{u), for all u G x = 

and T := min{rs,ri}. Observe that Bq{u) = T, for all m G T so is well defined and 
clearly 1 ^ r ^ c. For simplicity we put also rl{s,t) := r^(s) + rKt) and dk{s,t) : = 
min{r^(s, t) + rf(s, t), /^(T)}. Note that 

dT-(s,t) ^ rT-_i('u), for all m G B\.{x) if r = Tj,. (13) 

Lemma 7 T/ie inequality holds 

dAs, t)R^ + ^ i?^ri(., t) ^ .^R'^i^dis, t) + 2ri{s, t)). 

k=T 

Proof. Let t ^ k < c he given and let x be either s or t. There exist G Bl_^^{x), 
X = s,t such that r^iux) ^ dk{s,t). Indeed, otherwise 

Bi^,{s)UBi^,{t) C B{u,dk+,{s,t)) C i?,°(M) for all m G Bi^,{t) U Bi{s) 

which is impossible due to the definition of r. 

By Lemma m functions are 1-Lipschitz, therefore 

rk{x) ^ rk{ucc) + ri^iix) ^ 4+i(s, t) + rl^i{x), x = s,t. 
Since = r/c + 2r^_^j^, we obtain r^(x) ^ (iA:+i(s,t) + 3r[^^(x). Consequently 

rl(s, t) ^ 24+i(s, t) + 3ri+i(s, t) = 2d{s, t) + hri^^{s, t). 
Iterating this inequality, we obtain the following result 

r[(s, t) ^ 2d{s, t)^ 5Z 5* + 5'=-V^(s, t) = ^i^(^^c-k _ ^ 5^-^(5, t) (14) 

1=0 
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for all r ^ ^ c (observe that inequality holds trivially for k = c). Hence, we have 
E ^ + riis, t)) j2 R'^'-' ^ ^^^(%^ + t)) 

k=T k=T 

and by ffT^ we have (recall that R > 5) 

dr{s,t)R'' ^ R^{d{s,t) + rl{s,t)) ^ d{s,t){l + |(5^-^ - 1))R^ + 5"'^ RWl{s,t) ^ 

^ h^-^R^{d{s, t) + r[{s, t)) ^ /?^(rf(s, t) + r[{s, t)). (15) 

Since > 1, we obtain the inequality. 

■ 

We remind that f^(u,v) = . For simplicity we denote 

Fk:= {{u,v) eT xT : f{u, v) ^ R^}, k ^ 0. 



Lemma 8 If (f satisfies ([IP, then for each positive integer n and f G C{T) there holds 

i-i 

\Sif{s)-SJ{t)\^dr{s,t)R^+-+ J2 + 

x€{s,t} k=T 



+dr{s,tMR^+') / 4 f{u,v)lF^^Mdv)m{du)), 
where y = t if t = Tt and y = s if t ^ Tt. 

Proof. Fix / G C{T). Without losing the generality generality we can assume that 
T = Tf. Clearly 

i-i 

Sifis) - Si fit) = E Si...Sk+iild - S,)f{s) - 

k=T 

l-l 

- J2 Si...Sk+i{ld - Sk)f{t) + {Si...Srfis) - Si...SJ-{t)). (16) 

k=T 

We have also 



|5,...5fc+i(Id - ^,)/(^)l ^ ^ l(Id - S,)f{u)\ml,^,{du) 



(17) 
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Since f'^{u,v) ^ _R'''+" + f^{u,v)lFi^^^, we obtain 



|(Id - Sk)fiu)\ ^ 4 \f\u) - f{v)\m{dv) ^ n{u) -4 nu,v)midv) ^ 
^ rkiu)R''+'' + rfc(n) -f f{u, i;)l^,^„m(c/^;), for all ueT. 

JBkiu) 

By Lemma [5l rk{u) ^ r^(a;), whenever u G This, (fTTI) and Corollary [3] imply 

that 

|^,...5,+i(ld - S,)f{x)\ ^ [ |(ld - S,)f{u)\ml,^,{du) ^ ri{x)R''+^ + 

JT 

+AR'^') [ n{u)-! nu,v)lF^^m{dv)ml,^,idu). (18) 

To bound the last part in (fT6l) let us observe that 

\Si...Srf{s)~Si...Srf{t)\^ [ [ \f{u)-Srf{w)\mi^^^,{dw)ml{d^). (19) 

Jt JT 

By Lemma E] supp(m^. ;,) C B\.{x)^ x G T. If u' G i?[_|_^(s) and u G B\.{t)^ then 



\f[u)-Srf{w)\^4 \f{u)-f{v)\m{dv). 

J B.r{w) 

Lemma [5] implies that Briw) C B\.{s). Hence for each u E B\.{t), v E Briw) 

d{u, v) ^ min{rf(M, t) + d{t, s) + c/(s, v), D{T)} ^ d^(s, t). (20) 
Applying ([20]) and /"'(M,f) ^ + /^(m, t;)lir^+„ we obtain 

|/(n) - 5^/(^)1 ^ d,{s,t) J f{u,v)m{dv) ^ 

J Briw) 



^ dr{s,t){R^^- + 4 f{u,v)lF^^Mdv)). (21) 

J Briw) 

Since t = Tt we have Br{w) C i?[(s) C i?°_i(M) for all w G i?[+i(t). Together with ffTUl) 
it implies 



/ /'^(n,t;)l^^^„m(dt;)^^(i?n / 

J Briw) JB^ 



f\u,v)lFr+„m{dv) ^ 

-(ui) J Briw) 



^^T^^-i fMUr^Mdv). (22) 
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The condition (fTl) gives ^ ^wr- Hence, due to (EI]) and ([22]) we obtain 



\f{u) - Srfiw)\ ^ rf.(.,t)(i?^+" + -[ nu,v)l^^^m{dv)). 



Inequalities (fl9i) . (l23l) and Corollary [3] imply 
|5,...5./(s)-5,...5./(t)| ^ 



Note that ([18]) and ([24]) give the result 



Lemma 9 If A = + then we have 

i-i 

dr{s,t)R^+ J2 $^rt(x)i?'=^Ar^,^(s,t). 

xG{s,t} k=T 

Proof. Lemma [7| gives 

l~l c l~l 

d^{s,t)R-+ Y.^i{x)R' = Y.^iMR' + J2 ri{s,t)R'^ 

x£{s,t} k=T k=T k=c+l 

^ ^{ld{s,t) + 2Y,ri{s,t)R'^). 

k=c 

Clearly rc(x) ^ d{s,t), x G {s,t}, thus by ( [T2l) we obtain 

-1 ^j^2 j-d{s,t) 

r'As)+rl[t))R- ^ 

k=c 

Since d{s,t) < max{rc_i(s), rc„i(t)} if c > and d{s,t) = D(T) if c = 0, we have 

1 



4p2 rd(s,t) 1 

2Y^{r{{s)+r[{t))R^ <: f] max / )de. 



R"-^ ^ max if'^( 



x€{s,t} m{B{x,d{s,t)) 
It follows that 

/•d{s,t) 2 

d(s,t)R'' ^ R max / o9"V — -— rr)de. 

xe{s,t}Jo ^ ^m{B{x,e))' 
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Hence, due to the definition of rm,i^(s,t) we deduce 

x&{s,t} k=T 

■ 

Lemma [5] implies rk{u) ^ f'iix), for u G Bl{x). This observation together with Lemma 
[S] (with n = uq + 1) yields 

i-i 

\SJis)-SJit)\<:d^{s,t)R-+-°+'+ 5^ri(x)i?'=+"°+^ + 

xG{s,t} k=T 



By Lemma [H] we obtain 

\Sifis) - Sifit)\ ^ t)(l + 



oo 



oo r r 

k=i JtJb°_^{u 



) 



x&{s,t}k=l JTJBk(u)^^ 



lF^+„^+,m{dv)m{du)). (25) 



For each k ^ applying ([7]) (for ip) we have 

^^^^^^1f, ^ — ^^P+if'iu^v)) ^ — ^^P+if'iu^v)). (26) 

The right hand side of does not depend on /, furthermore the property (iii) of Si 
gives that lim;_^oo 5';/(x) = /(x), for x G Hence combining (pUj) and (1^ we 

obtain 

, ^ 1 + 2 V ^ ^Ifn,, /" / Mfiu, v))m{dv)m{du) + 

+ £ ^^^1111) / / V^(/^(«,^;))lW^^;)m(rf«). (27) 
k=i^+^R )JtJbi_,{u) 

It remains to construct a suitable G V{T x T). For each g E C{T x T) we put 
'^l^) — 77 > . 7:^7W77TTt(2 / "/ ^(«, v)m{dv)m{du) + 



1 (/?(/? ) f f 



+ / 7 g{u,v)m{dv)m{du)), 
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where B is such that z/(l) = 1. This constant exists due to ([2]), indeed 



3 ^ ^{B!^) 



"0+1 ' 



where we have used that V'(x) ^ ^+{x) + l and -1 ^ 

(by convexity). Plugging v in flTTj) and then using homogeneity, we see 

Thus we obtain (jS]) with = SASi?"""*"^. Suppose now that ip{x)ip{y) ^ iplrxy) for all 
X, y ^ 1. Since ^/'(x) ^ ^^(l) = 1 for all x ^ 1, we have ■ilj+{x)ip+{y) ^ ip+ij-xy) for all 
x, y ^ and so we see that (HI) follows from ^ and Lemma El 



4 Proof of Theorem 2 

Proof. We give a proof which modifies the idea from the paper [2]. In the same way as 
Theorem 2.3 in [5J it can be proved that the existence of metric p on T x T such that 
for each separable process X{t), t eT which satisfies (jS]) (for ip) there holds 

\X(s)-X(t)\ 

P(sup ^—^^ < oo) = 1, 

s,teT p[s,t) 

implies the existence of a constant Kq and a continuous positive functional A on Cb{T x 
T\A) (where A := {{t,t) : t e T}) with A(l) = 1 such that for each / G C{T) 

sup '^y:^,^fU l + A(V^(/^)), (29) 
where /'^(■u, f) = ^'^^^("{j^^^ • We define measure m E V{T) by the requirement 



(7(t)m(rft) = A(^^^^^4^^), for (7GC(T). (30) 



T 



Fix s,t E T and / G N. Let us denote 



/iK^) := { R''-''" n+iit) ^e< nit), 0<k^l 
0<£^n+i(t), 
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where rfc(x) = minje : ^^^^ ^ (f{R^)}, for /c ^ as in our main construction. Observe 
that hi, I ^ 1 is an increasing family of functions, so h := hm/^oo hi is well defined. We 
denote fi{x) := Jq^^'^'' hi{e)de and observe that 



\d{t,u) - d{t,v)\ Ja(t^^) 7^(4^^) 
The Jensen's inequality gives 

I fi(u) - fj(v)\ r'^^*'''^ 

i^ r,{ , ^ l7 Hhiie))de\^midit,u))) + ^ljihiidit,v))), 
thus by ( l30l) we have 

A(V^(/,'^)) ^ 2 / V^(/.Krf(t,«)))m(c?«). (31) 



Using the definition of hi and ( JTOl) we obtain 



JT T,_n i,_n 'V 



fc=0 fc=0 



Applying © we derive D := < Consequently ([21), dSI]), (I32D yield 



The right hand side does not depend on so 



^. + 2D. (33) 

Kop{s,t) 



The definition of h gives 



ij},, ,J ^ = i?""+^/^(£), for rfe+i(t) ^ £ < r,(t), 
m[B[t, e)) 



thus for 5 e [rfc+i(t),rfc(t)), A; G N 
and hence due to (ESI) we obtain 



Jo m{B{t,e)) 



where = (1 + 2D)R"^+^Ko. Similarly 

Jo m{B{s,e)) 
which means Tm,<fi{s,t) ^ Kp{s,t). 
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5 Proof of Theorem 3 



Proof of Theorem 3. Fix R > 5, s,t & T and / G C(T). We can assume that 
'Tm,<fi{s,t) < oo which imphes \imk^aork{x) = for a; = s,t. By Lemma [8] (with n = 1) 
and (fTHIl we have 

i-i 

\Sif{s) - Sif{t)\ ^ d^{s,t)R-+' + J2 + 

x£{s,t} k=T 

.~r.^Tr. Jb'.jx) Jb,.(u) 



xe{s,t} k=T 



+ip{R^+^) rr-i{u)4 f{u,v)lF^^Mdv)m{du), 



where y = t ii r = Tt and y = s li r ^ Tt. By Lemma [9] we obtain 

\Sif{s)-Sif{t)\^ART^^^{s,t) + 

+ E / n{u)R'^^J ^-^M^lF,,Mdv)m{du) 

xeis.tl fc=i ■^'^ -^^^W 



3;e{s,t} 

+ f;y.(i?'^+i) / n_MR'^'-l ^-^^lp,,Mdv)m{du). (34) 



k=i 

The condition (JTj) gives that for each k ^ 



^^^^^U ^ — ^(^(/'^(u, v))U ^ — ^cp+(f(u, v)). (35) 



The right hand side of ( iMll does not depend on / thus we can take the hmit on left-hand 
side which is hm^^oo Sif{x) = /(x), for all a; G T (by property (iii) of 5*;). Observe also 
that by the convexity (p+{R''^^) -1^(1- R~'^)(p{R'''^^). Consequently due to (jHlD and 
we obtain 



oo „ „ 

+ J2 / r,.,{u)R'^'4 



(p+{f'^{u,v))m{dv)m{du) + 

) 



ip+{f{u,v))m{dv)m{du)). (36) 

) 

To construct a probability measure u G V{T x T) we put for each g ^ C{T x T) 



-1— ^f;(2 / n{u)R'^'J g{t 

~ ^ > k=l •''^ -^^"{u) 



^{g) ■■= -j^^ ^ > P / rk{u)R''+' -I g{u, v)m{dv)m{du) + 

+ / rk-i{u)R^'^^ -4 g{u,v)m{dv)m{du), 
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where M is such that z/(l) = 1. Applying ^ and the definition M.{m, (p) we get 



k=0 



M(l - R' 

Hence M ^ BAi{m, (p), where B = j^zj^- Plugging u into flHUl) we obtain 

By homogeneity we obtain for all a > 

'^pll'i!^^' ^ ARr„,,{s,t) + BM{m,p) [ M^^^^j^Mdu, dv) . (37) 

Due to Lemma [3] we know that G V with r = R^ and c = 1, thus (f+ G V with c = 
and r = R^. Consequently by (jV^ we get 



Using the above inequality in fl37l) we obtain 

^-M^I^KARr (st) + ^^^^ fora>0 
We can obviously take a such that 

^ - ART^^^{s,t), I.e. a = ^^^^ ^ ' 



thus denoting K = ARB'^ we derive 
Lemma [2] gives the result with C = 2AR^. 

■ 
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